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An advanced modeling approach is presented to shed light on the thermal transport properties
of van der Waals materials (vdWMs) composed of single-layer transition metal dichalcogenides
(TMDs) stacked on top of each other with a total or partial overlap only in the middle region. It
relies on the calculation of dynamical matrices from first-principle and on their usage in a phonon
quantum transport simulator. We observe that vibrations are transferred microscopically from one
layer to the other along the overlap region which acts as a filter selecting out the states that can
pass through it. Our work emphasizes the possibility of engineering heat flows at the nanoscale by
carefully selecting the TMD monolayers that compose vdWMs.
I. INTRODUCTION
During the last 50 years electronic devices have un-
dergone a constant miniaturization of their dimensions
following Moore’s scaling law [1]. While the integration
of always smaller components has paved the way for en-
hanced functionabilities, several obstacles have recently
emerged that could compromise the benefit of further size
reductions [2]. In particular, modern transistors already
operate at length scale of the same order as the electron
and phonon mean free paths [3] where discrete scatter-
ing events and geometrical variations have a profound
impact on their behaviour. The increased power density
of these devices combined with high thermal dissipation
and dramatic peak temperatures, severely limit their re-
liability, performance and lifetime [4],[5]. Another criti-
cal issue is self- or Joule-heating, a phenomenon caused
by the phonon emission of high energy electrons [6]. In-
stead of eliminating thermal fluctuations several research
efforts have tried to take advantage of nanoscale sys-
tems to recycle the waste heat through Seebeck’s effect
[7],[8]. Designing such thermoelectric devices or next-
generation logic switch will only be possible if both their
electronic and thermal properties are kept under con-
trol and their interactions well understood. Physics-
based materials and device modeling can be of great
help for that purpose, especially if combined with ex-
periments in an holistic way. So far, the focus has been
mainly set on the electronic characteristics of nanostruc-
tures [9],[10],[11],[12],[13],[14],[15],[16],[17] and much less
on their thermal behaviour [18],[19],[20],[21].
To fill this gap and gain insight into nanoscale thermal
management, we propose an original approach to model
thermal transport and apply it to artificial materials
called van der Waals Materials (vdWMs). Due to their
ultimate thickness, van der Waals inter-layer coupling,
intra-layer covalent bonds and surface free of dangling
bonds, these compounds are expected to exhibit unique
features [22],[23],[24],[25]. Since the breakthrough
exfoliation of graphene in 2004 [26],[27] more than 1800
layered materials have been predicted to exist and some
∗ Corresponding author: safiore@iis.ee.ethz.ch
of them have already been intensively investigated [28],
[29]. In the 3D parents of 2D materials, strong covalent
bonds hold together the crystalline structure in the
in-plane direction, while van der Waals forces act along
the out-of-plane axis connecting different layers. Hence,
monolayers and few layers structures can be isolated
and/or stacked on top of each other to form carefully
designed van der Waals materials. Each 2-D material can
be considered as a Lego brick that can be assembled with
other building blocks. Several studies have been carried
out on vdWMs, highlighting their potential as active
region of future electronic (vertical field-effect transistors
[30] and P-N diodes [31]), spintronic (magnetic tunneling
junction [32] and spin field-effect transistors [33]) as well
as optoelectronic (photodiodes [34] and photovoltaic
detectors [35]) applications. The properties of vdWMs
often go beyond the sum of the characteristics coming
from each individual 2-D material composing them,
such as unique band alignments [36] [37], fast charge
transport [38][39], massive Dirac fermions [40][41],
Hofstadter butterfly [42] and formation of interlayer
excitons [43] [44] [45]. Furthermore, the behaviour of
vdWMs can be tuned by playing with their geometry, for
example the number of layers, twisting angles between
different layers, or overlap lengths [46],[47]. Among the
various types of vdWMs, we here consider those made
of transition metal dichalcogenides (TMD).
All TMDs have an hexagonal crystalline structure made
of three layers X −M − X, where X is a calchogenide
and M a transition metal. While their electrical proper-
ties have been explored extensively, both theoretically
and experimentally [19],[48],[49],[50],[51], their thermal
behavior has received much less attention although it
could severely impact the applicability of these 2-D
materials. For example, it has been shown that the
thermal conductivity of TMDs is relatively low, about
2-3 orders of magnitude smaller than in graphene
[52],[53],[54],[55],[56] . Consequently, large Joule heating
effects and the formation of local hot spots have been
observed in TMDs [57],[58],[59], which deteriorates the
performance of devices made of such materials. Another
important feature of vdWMs, is their highly anisotropic
structure. The thermal conductivity of vdWMs strongly
depends on the direction of propagation due to the
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2weak van der Waals coupling that limits the heat flow
along the out-of-plane axis [60],[61]. This property
might allow vdWMs to operate as directional heat
spreaders, dissipating heat more efficiently along a
preferred direction [62]. Comparing theoretical results
to experimental measurements represents a challenge
for layered materials as building high-quality TMDs
is a rather difficult process [63]. This typically leads
to the presence of multiple defects such as stacking
errors or layer spacing variations, which induce large
uncertainties in the measurement of their properties.
The thermal conductivity of MoS2 can vary over one
order of magnitude, over several orders of magnitudes
for WSe2 [64]. Another limitation comes from the
determination of the proper thermal transport regime,
often midways between the ballistic and diffusive cases.
The lack of satisfactory agreement with experimental
data suggests that other transport regimes might even
be at play [65],[66]. In this paper, we investigate thermal
transport through device configurations where the two
TMD monolayers are stacked on top of each, either
over the entire structure or only in their central part,
as shown in Fig. 1. The electronic properties of such
components have been investigated both theoretically
[67] and experimentally [68],[69]: it has been shown
that they can be used as active region of band-to-band
tunneling field-effect transistors with potentially a steep
subthreshold swing and a high ON-state current. This
aspect is therefore ignored in the present study.
DFT Domain
Overlap (a)
(b)
x
z
y
x
z
y
Overlap 
Region1 Region2
FIG. 1. (a) vdWM made of two TMDs with complete overlap.
Such structures are referred to as TO channels. (b) Same as
(a), but with a partial overlap of both TMDs in the middle
and two regions made of single TMDs. Such structures are
referred to as PO channels.
By applying a temperature gradient between both ex-
tremities of the structure with total (TO) and partial
(PO) overlap in Fig. 1, phonons start propagating from
the hot to the cold side. To model this phenomena,
we restrict ourselves to ballistic thermal quantum trans-
port (QT) simulations through vdWMs. The required
dynamical matrices are first computed via density func-
tional perturbation theory (DFPT) and then passed to a
QT solver relying on the Wave Function (WF) or Non-
equilibrium Green’s Function (NEGF) formalism to per-
form all thermal transport calculations. The present
study intends to lay the foundations for future in-depth
analyses involving more realistic effects such as anhar-
monic phonon decay or electron-phonon coupling.
The paper is organized as follows: in Section II an
overview of the thermal transport equations is provided.
Section III is dedicated to the calculation of dynamical
matrices from first-principles. The influence of the inter-
layer coupling is investigated in Section IV. Finally, in
Section V thermal transport simulation results are pre-
sented for selected vdWMs with a partial overlap in the
middle region and with total overlap. Conclusions are
drawn in Section VI.
II. THERMAL TRANSPORT MODEL
Thermal transport is solved with a ballistic phonon
quantum transport simulator based on the Wave Func-
tion (WF) or equivalently Non-equilibrium Green’s Func-
tion (NEGF) formalism. In the WF formalism, the equa-
tions take the form of a sparse linear system of equations
”Ax = b” (
ω21− Φ−ΠRB
)
ϕ = Inj, (1)
which is numerically more efficient to handle than the
NEGF equations in multi-dimensional structures.
In Eq. (1), ΠRB and Inj are the retarded boundary
self-energy and the Injection vector, respectively. These
terms describe the phonon injection into the simulation
domain through open boundary conditions. They can
be determined as described in Ref.[70]. The vector ϕ
contains the crystal vibrations along all Cartesian coor-
dinates. It is of size 3Na×NM , where Na is the number
of atoms in the system, whereas the number of columns
NM indicates that NM states can be injected either from
the left or the right contact at a given frequency ω. Fi-
nally, Φ is the dynamical matrix of the device of size
3Na × 3Na. A detailed description of its construction
is given in Appendix A. All quantities (ΠRB ,Φ, Inj and
ϕ) depend on the phonon frequency and on the momen-
tum qz, which, for 2-D materials, is used to model the
periodic, out-of-plane direction (z axis in Fig. 1). The
knowledge of ϕ allows to compute the frequency- and
momentum-dependent transmission function T (~ω, qz),
from which the thermal current ITh can be evaluated
based on the Landauer-Bu¨ttiker formalism [71],[72]
ITh =
∑
qz
1
Nqz
∫
dω
2pi
T (~ω, qz)~ω
(
b(~ω, TL)−b(~ω, TR)
)
,
(2)
where Nqz is the number of qz points used to sample the
periodic direction z and b(~ω, TL(R)) is the Bose-Einstein
3distribution function of the left (right) contact at temper-
ature TL(R).
III. DFT SIMULATIONS
When simulating a vdWM the first step consists of
constructing a suitable atomic structure, which might
require assembling two planar materials with different
unit cells and/or lattice constants. Symmetry consid-
erations play a determinant role in this regard. Stack-
ing MoS2 and h-BN, for example, relies on a common
hexagonal cell of at least 26 atoms due to the large lat-
tice mismatch between both materials (h-BN: 2.51 A˚,
MoS2: 3.18 A˚). Here, to limit the computational bur-
den, we only investigated possible combinations of three
chalcogenides (S, Se, Te) and two transition metals (Mo,
W) with 2H lattice. Hence, WTe2 is discarded as it is
only stable in its 1T’ (metallic) form. The combina-
tions MoTe2-MoS(Se)2 are not considered either because
of the large lattice mismatch between them. Combining
them would require either a unit cell with a large number
of atoms or with a very high strain. Overall, 5 homo-
bilayers ( MoS2-MoS2, MoSe2-MoSe2, WS2-WS2, WSe2-
WSe2 and MoTe2-MoTe2) and 6 hetero-bilayers (MoS2-
WS2, MoS2-WSe2, MoS2-MoSe2, MoSe2-WS2, MoSe2-
WSe2 and WS2-WSe2) are analyzed. The chosen stack-
ing order to build them is AA’ (D3d group), following the
same notation as in Ref.[73]. The transition metal of
FIG. 2. Bilayer hexagonal (top panel) and orthorhombic (bot-
tom panel) unit cell used for transport calculation viewed
under different angles. Yellow (orange) spheres represent
the chalcogenide atoms in the bottom (top) layer, violet
(turquoise) spheres the transition metal atoms in the bottom
(top) layer.
one layer is positioned over the chalcogenide of the other
one. This mutual arrangement has been proved to be the
one with lowest energy [73],[74],[75],[76]. Along the c-axis
(stacking direction, aligned with the y-axis), a vacuum re-
gion of at least 20 A˚ is placed, to decouple periodic images
and avoid spurious dipole interactions [77],[78]. Given
the extreme similarity between the TMDs under investi-
gation, the unit cells of the bilayers is directly obtained
from the unit cell of the parent materials, without the
Lattice Vectors & Interlayer Distance (A˚)
Bilayer a b d
MoS2-MoS2 6.3786 5.5240 6.225
WS2-WS2 6.3648 5.5121 6.090
WSe2-WSe2 6.6352 5.7462 6.502
MoTe2-MoTe2 7.1000 6.1488 6.977
MoSe2-MoSe2 6.6368 5.7476 6.519
MoS2-MoSe2 6.4784 5.6105 6.380
MoS2-WS2 6.3753 5.5212 6.153
MoS2-WSe2 6.5006 5.6297 6.320
MoSe2-WS2 6.5008 5.6299 6.307
MoSe2-WSe2 6.6360 5.7469 6.475
WS2-WSe2 6.5000 5.6292 6.253
TABLE I. Orthorhombic unit cell dimensions of the investi-
gated vdWMs where a and b refer to the in-plane axis, aligned
with the x− and z−axis, respectively. The variable d indicates
the distance along the y−axis between chalcogenides belong-
ing to different layers, as depicted in Fig. 2
need to introduce a supercell. Indeed, with different sym-
metry the lattice constant of the bilayers is found to be
very close to the one of the TMDs. The weak inter-layer
interactions between the different 2-D materials induce a
very small displacement of the atomic positions with re-
spect to the isolated TMDs. The largest displacement we
calculated was along the c-axis and in the order of 10−2A˚.
The hexagonal unit cell of all considered TMDs is made
of 3 atoms, so that, the hexagonal unit cell of the bilayers
contains 6 atoms, as illustrated in the top panel of Fig. 2.
Within the hexagonal cell of the bilayer, the atomic po-
sitions are accurately relaxed in order to avoid negative
frequencies in the phonon spectrum. The convergence
criteria was set to 10−8 A˚/eV for the force acting on each
ion. The generalized gradient approximation (GGA) of
Perdew, Burke, and Ernzerhof (PBE) [79] was used as the
exchange-correlation functional, while the van der Waals
forces were included through the DFT-D2 parametriza-
tion of Grimme [80]. The plane-wave cutoff energy was
set to 550 eV. Subsequently, the hexagonal cell is trans-
formed into an orthorhombic cell, which is more conve-
nient to perform quantum transport calculations. Such
unit cells include 24 atoms, where 12 belong to one TMD
and 12 to the other, as indicated in the bottom panel of
Fig. 2. The lattice vectors and the interlayer distance
of the orthorhombic cells are reported in Table I for all
investigated configurations. A 2 × 1 × 2 supercell dis-
cretized on a 3× 1× 3 phonon wavevector grid was used
to compute the real space force constants with the finite
displacement method.
All DFT calculations were carried out with the Vi-
enna Ab initio Software Package (VASP) [81],[82] and
PHONOPY [83]. All inter-atomic interactions were cut
4off beyond a radius rcut = 6.8A˚ in the simulated vdWMs.
It has been verified that this truncation does not affect
the phonon bandstructure by more than 10%, ensuring
accurate quantum transport calculations. As an example
the dispersion of MoS2-MoS2 homo-bilayer is reported in
Fig. 3 with the full and truncated interaction range. An
excellent agreement can be observed between both sets
of curves.
FIG. 3. Phonon dispersion of a MoS2-MoS2 homo-bilayer
computed with PHONOPY [83] keeping the full inter-atomic
interaction range (cyan lines) or truncating it beyond rcut =
6.8A˚ (green dots).
IV. EFFECT OF THE INTER-LAYER
COUPLING
Next, the impact of the inter-layer coupling (van der
Waals forces) on the Interatomic Force Constants and
phonon properties is studied. In Fig. 4(a) the schemat-
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FIG. 4. (a) Bilayer structure made of TMD1 and TMD2 and
corresponding schematics of the Interatomic Force Constants.
(b) Phonon dispersion of monolayer MoS2 computed from an
isolated structure (blue lines) and when the dynamical matrix
is extracted from MoS2-WS2 hetero-bilayer (orange dots). (c)
Ballistic thermal current flowing through a MoS2 monolayer
calculated with the phonon dispersions from (b) as a func-
tion of the temperature. A thermal gradient ∆T = 0.1K is
applied between both extremities of the structure.
ics a vdWM bilayer is shown together with the corre-
sponding dynamical matrix. The diagonal blocks con-
tain the intra-layer interactions and the off diagonal
blocks the inter-layer coupling elements. The average
magnitude of the intra-layer blocks (ΦTMD1-TMD1 and
ΦTMD2-TMD2) entries exceeds that of the inter-layer
blocks by a factor 500. Motivated by this observation
we examined whether the properties of each individual
layer could be retrieved from those of the stack. In other
words, we wanted to verify whether the intra-layer matri-
ces ΦTMD1-TMD1 (ΦTMD2-TMD2) in Fig. 4(a) could
accurately describe the phonon dispersion and the bal-
listic thermal current flowing through a monolayer of
TMD1(TMD2). To compute the ballistic thermal cur-
rent a gradient ∆T = 0.1K was applied between the
temperature of the left (TL) and the right (TR) contacts,
while varying TL between 10 and 300 K. The phonon
transport equations were solved by discretizing the pe-
riodic direction z with Nqz = 51 momentum points and
by considering NM = 150 frequency points. As an exam-
ple, a MoS2-WS2 vdWM was chosen. The phonon band-
structure and thermal current of a MoS2 monolayer were
extracted and compared to data directly obtained from
a calculation involving individual, isolated layer calcula-
tion. The results are reported in Fig. 4(b) and Fig. 4(c),
respectively. The same type experiment was repeated
for other 2-D material combinations: in all cases, the er-
ror between the data derived from the vdWM dynamical
matrix and from a true monolayer remains below 10%.
We continued our analysis with the thermal current flow-
ing through vdWM bilayers overlapping over their entire
surface, as in Fig. 1(a), and through the individual 2-D
monolayer constituting them. For brevity, such bilayer
structures with fully overlapping monolayers are referred
to TO, while the isolated layers are labeled 1 and 2, where
1(2) indicate the first(second) TMD in the vdWM. The
resulting bilayer is of the form M (1)X
(1)
2 −M (2)X(2)2 . All
calculations were performed at 300K with 1K tempera-
ture difference between the left and right contact. Hence,
ITh,TO is the current flowing through the TO structure,
and ITh,1(2) through first(second) monolayers. We found
that the relative error between ITh,1 + ITh,2 and ITh,TO
does not exceed 10%, as can be seen in Table II.
V. TRANSPORT SIMULATIONS AND
RESULTS
In this Section, the ballistic thermal transport proper-
ties of vdWMs with partial overlap (as in Fig. 1(b) ) are
reported and analysed. The developed methodology al-
lows to simulate such device configurations that are more
complex and potentially more interesting than TO chan-
nels , where the two TMD monolayers are stacked on
top of each other over their entire surface. In geome-
tries with a partial TMD overlap, three distinct regions
can be identified: one with an isolated monolayer TMD1,
on the left, one with an isolated monolayer TMD2 on the
right and one with a bilayer vdWM TMD1+TMD2 in the
middle, as sketched in Fig. 1(b). In fact, the structure in
Fig. 1(b) is obtained by removing atoms from the bilayer
5Thermal Current [W/m]
Bilayer ITh,1 ITh,2 ITh,TO ITh,1 Error
+ITh,2 [%]
MoS2-MoS2 0.50037 0.50037 0.9855 1.0007 2
WS2-WS2 0.3986 0.3986 0.7771 0.7972 3
WSe2-WSe2 0.3166 0.3166 0.6145 0.6332 2
MoTe2-MoTe2 0.2567 0.2567 0.4839 0.5134 6
MoSe2-MoSe2 0.3472 0.3472 0.6676 0.6944 4
MoS2-MoSe2 0.4994 0.3802 0.863 0.8796 2
MoS2-WS2 0.4982 0.3762 0.8222 0.8744 6
MoS2-WSe2 0.4812 0.3275 0.7417 0.8087 8
MoSe2-WS2 0.3789 0.3821 0.7393 0.7610 3
MoSe2-WSe2 0.3681 0.3132 0.6589 0.6813 3
WS2-WSe2 0.3817 0.3359 0.6924 0.7176 4
TABLE II. Comparison between the thermal current flow-
ing through 2-D individual monolayers (ITh,1(2)) and through
vdWM bilayers overlapping over the entire surface (ITh,TO).
The last column reports the relative error between ITh,1 +
ITh,2 and ITh,TO
in Fig. 1(a) and by eliminating the corresponding entries
from the dynamical matrix. A detailed description of
the construction procedure and of the assembling of its
device dynamical matrix is given in Appendix B. While
it was demonstrated in the previous Section that the in-
terlayer coupling has a limited influence on the thermal
current flowing through a vdWM with a TO structure,
the situation is radically different in the case of a partial
overlap, even if the two layers are identical. In geometries
similar to the one shown in Fig. 1(b), without inter-layer
coupling, there would be no thermal current, thus mak-
ing the van der Waals interactions a critical component
of the heat flow. At the microscopic level, the differ-
ent configuration of the three device regions forces the
phonons to be transferred from one layer to the other.
This does not prevent the application of our approach as
the inter-layer coupling is fully captured in the overlap
region, which ensures an accurate description of thermal
transport there. As will be shown in the following, the
thermal transport properties of a bilayer channel with
a partial overlap cannot be predicted from the phonon
bandstructure of the individual monolayers that compose
it, contrary to structures where the TMDs are stacked
over their entire surface. Atomistic quantum transport
simulations are required to reveal their behaviour.
As starting point, the impact of the overlap length on
the ballistic current is presented in Fig. 5, the goal being
to study how this parameter affects the current magni-
tude and whether representative features can be identi-
fied. A slight dependence of the current on the over-
lap length can be observed in some of the homo-bilayers
(both TMDs are identical). Below 100-150 A˚, the ther-
mal current linearly increase with the overlap length be-
fore saturating. This seems to indicate that a minimum
overlap length is needed so that all phonon modes can
be transferred from one layer to the other. Note that
very short overlap lengths are probably very challenging
to achieve experimentally [84] and therefore practically
of limited relevance. Hence, from now on, we restrict
our investigations to devices with an overlap length of
approximately 300 A˚. With such dimensions, for all bi-
layers the simulation results are independent from the
length of the overlap region. For brevity, we refer to bi-
layer structures with 300 A˚ of overlap as PO.
Table III reports three relevant quantities concerning
the current flowing through these structures: (i) the ra-
tio between Ith,PO and Ith,TO, (ii) that between Ith,PO
and Ith,1 and (iii) that between Ith,PO and Ith,2. To-
gether with Fig. 5, these results highlight that the bal-
listic thermal current flowing through a PO channel is
reduced by about 70% as compared to TO channel in
case of homo-bilayers (MoS2-MoS2, MoSe2-MoSe2, WS2-
WS2, WSe2-WSe2, MoTe2-MoTe2). A more significant
decrease of approximately 95% is observed for hetero-
bilayers (MoS2-WS2, MoS2-WSe2, MoS2-MoSe2, MoSe2-
WS2, MoSe2-WSe2, WS2-WSe2). Peraphs even more im-
portant, the thermal current through PO strucutures is
smaller than that flowing through either of the monolay-
ers constituting it, by 40% for the homo-bilayers, much
more for the hetero-bilayers.
FIG. 5. Ballistic thermal current ratio ITh,PO/ITh,TO for
all the homo- and hetero-bilayer vdWMs considered in this
work.
The extremely high thermal current reduction in case
of hetero-bilayers can be attributed to the fact that in the
ballistic limit of transport only states existing through-
out the whole structure can be transmitted from one
contact to the other [85]. This can be qualitatively ex-
plained by inspecting the phonon bandstructure and the
vibrational density-of-states (VDOS) of the two TMDs
composing the vdWM. As an example, in Fig. 6, the
data for a MoS2-WSe2 hetero-bilayer is presented. While
MoS2 exhibits a mini-gap around the phonon energy
~ω = 30meV (27 < ~ω < 32meV ) and its energy range
goes up to ~ωMAX = 57meV , it can be seen that the
energy window without VDOS for WSe2 is different, i.e.
17 < ~ω < 20meV , as well as its maximum energy
(~ωMAX = 38meV ). As a consequence, a phonon with
energy ~ω = 45meV injected from MoS2 will not be able
6FIG. 6. (a) Phonon dispersion of MoS2 (orange) and WSe2
(purple) monolayers. (b) Corresponding Vibrational Density-
of-States (VDOS).
Thermal Current
Bilayer ITh,PO/ITh,TO ITh,PO/ITh,1 ITh,PO/ITh,2
MoS2-MoS2 0.3147 0.6199 0.6199
WS2-WS2 0.3070 0.5986 0.5986
WSe2-WSe2 0.3115 0.6045 0.6045
MoTe2-MoTe2 0.3224 0.6077 0.6077
MoSe2-MoSe2 0.3168 0.6092 0.6092
MoS2-MoSe2 0.0335 0.0579 0.0760
MoS2-WS2 0.0429 0.0708 0.0937
MoS2-WSe2 0.0386 0.0595 0.0874
MoSe2-WS2 0.0877 0.1710 0.1696
MoSe2-WSe2 0.0596 0.1068 0.1255
WS2-WSe2 0.0487 0.0883 0.1003
TABLE III. Ratio between the ballistic thermal current flow-
ing through the PO (Ith,PO) and TO (Ith,TO) structures and
through the PO vdWMs and the isolated monolayers (Ith,1(2))
they are made of.
to be transferred to the WSe2 monolayer, which reduces
the number of states available for transport and the re-
sulting thermal current. Further comparisons similar to
Fig. 6 are provided in the Supplementary Materials, for
other 2-D material combinations.
To continue our analysis, we examined on the energy
(frequency) dependence of the thermal current. Fig. 7
shows the values of the cumulative ballistic thermal cur-
rent ITh(ω¯) of the homo-bilayer MoS2-MoS2 and the
hetero-bilayer MoS2-WSe2 computed according to the
following equation
ITh(ω¯) =∑
qz
∫ ~ω¯
0
dω
2pi T (~ω, qz)~ω
(
b(~ω, TL)− b(~ω, TR)
)
∑
qz
∫ ~ωMAX
0
dω
2pi T (~ω, qz)~ω
(
b(~ω, TL)− b(~ω, TR)
) .
(3)
In Eq. (3) ~ωMAX is the highest phonon energy of the
(a) (b)
FIG. 7. (a) Cumulative ballistic thermal current of the homo-
bilayer MoS2-MoS2 PO structure computed up the phonon
energy ~ω¯, as described in Eq. (3). The dashed line indicates
the end of the acoustic phonon branches of the TMD with the
lower energy range. (b) Same as (a) but for the hetero-bilayer
MoS2-WSe2 PO structures
vdWM. From this analysis it clearly appears that the
major contribution to the ballistic thermal current comes
from the acoustic branches. Similar analyses of all con-
sidered vdWMs with a PO configuration can be found in
the Supplementary Materials.
As final step, we studied the energy distribution of the
total transmission function T (~ω) = 1Nqz
∑
qz
T (~ω, qz).
To distinguish the different cases under investigation,
we introduced the following notation: be (n) ∈
{MoS2-MoS2, MoSe2-MoSe2, WS2-WS2, WSe2-WSe2
and MoTe2-MoTe2} the index referring to the homo-
bilayers, (m) ∈ {MoS2-WS2, MoS2-WSe2, MoS2-MoSe2,
MoSe2-WS2, MoSe2-WSe2 and WS2-WSe2} the index re-
ferring to the hetero-bilayers and (C) ∈ {PO, TO, 1,
2} the index indicating the different channel configu-
rations (partial overlap, total overlap, only first TMD,
only second one). Fig. 8(a) reports the energy-resolved
transmission functions T (n)(C)(~ω) of the homo-bilayer
(n) = MoS2-MoS2 with all possible channel configura-
tions. Note that channels 1 and 2 are identical in this
case. In Fig. 8(b), the comparison between T (n)(PO)(~ω)
and T (n)(TO)(~ω) scaled by a factor 0.3, indicates that
the energy profile of the transmission function in the PO
channel can be obtained, as first approximation, by scal-
ing the transmission function of the TO channel by a
constant, energy-independent factor.
This behaviour can be interpreted by recalling the
fact that in an homo-bilayer with a PO configuration,
the initial and final states are the same. As they are
mixed in the overlap region each state is degenerate.
It should be emphasized that the scaling factor, 0.3,
is in agreement with results of Table III and remains
constants regardless of the TMD monolayers compos-
ing the homo-vdWMs (see the Supplementary Materi-
als). Fig. 8(c) presents the same analysis as Fig. 8(a),
but for the hetero-bilayer (m) = MoS2-WSe2 structure,
where channels 1 and 2 differ. Contrary to the homo-
bilayer case, the energy-resolved transmission function of
PO configuration, T (m)(PO)(~ω) cannot be obtained by
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FIG. 8. (a) Transmission function T (n)C (~ω) of the homo-
bilayer vdWM with (n) =MoS2-MoS2 case with different
channel configuration (C) = PO, TO, 1 and 2. (b) Com-
parison of T (n)PO (~ω) and T (n)TO (~ω) scaled by a factor 0.3,
for the homo-bilayer (n) = MoS2-MoS2 vdWM. (c) Same
as (a), but for the hetero-bilayer vdWM with (m)=MoS2-
WSe2 structure.(d) Transmission function ratio R(m)(~ω)=
T (m)PO (~ω)/T (m)TO (~ω) for the hetero-bilayer (m) = MoS2-WSe2
(blue line) and the function F described by Eq. (6) (red line)
scaling T (m)(TO)(~ω) or T (m)(1)(~ω) and T (m)(2)(~ω). In-
deed, a combination of the transmission functions of the
isolated monolayers would only account for the presence
of mini-gaps as well as for the extension of the energy
spectra already noticed in Fig. 6. By building the trans-
mission function ratio
R(m)(~ω) = T
(m)(PO)(~ω)
T (m)(TO)(~ω) , (4)
which is reported in Fig. 8(d) for MoS2-WSe2, a peak
can be detected at 5meV , followed by bumps of much
smaller intensity. We repeated the same calculation for
all hetero-bilayers, as reported in the Supplementary Ma-
terials, we found that all R(m)(~ω) exhibit a peak with a
magnitude of about 0.5, at approximately ~ω = 5meV ,
followed by bumps, whose behaviour depends on the ma-
terial combination. Based on this observation we com-
puted the average transmission function ration
RAVG(~ω) = 1
Nm
∑
m
R(m)(~ω) (5)
where Nm = 6 is the number of hetero-bilayers that we
investigated. RAVG(~ω) can be fitted using the expres-
sion:
F(~ω) = L(~ω, µ1, η, A)+ 1
N
e−(~ω−µ2)/2σ
2
, (6)
where L is the Landau distribution function, as de-
fined in Ref. [86], using the following parameters
(µ1, η, A, µ2, σ,N)= (1749.97, 549.68, 0.505, 15, 3, 0.04).
The function F(~ω) is plotted in Fig. 8(d). As F approx-
imates the ratio between the T (m)PO (~ω) and T (m)TO (~ω),
from the knowledge of T (m)TO (~ω), which can be derived
from T (m)1 (~ω) and T (m)2 (~ω), we can estimate the ther-
mal current flowing through a hetero-bilayer with a PO
configuration
I
(m)
F =
∫ ~ωMAX
0
dω
2pi
T (m)TO (~ω)F(~ω)~ω·
·
(
b(~ω, TL)− b(~ω, TR)
)
.
(7)
The ratio between I
(m)
F and the corresponding ballistic
thermal current I
(m)
PO obtained with a quantum trans-
port simulation is listed in Table IV. It can be ob-
served that the non-uniformly scaled transmission func-
tion T (m)TO (~ω)F(~ω) of Eq. (7) can reproduce the quan-
tum mechanical results with an error that does not ex-
ceed 35%. Only MoSe2-WS2 does not follow this trend,
due to a large transmission contribution in the energy re-
gion 10 ≤ ~ω ≤ 20meV which is not correctly captured
by the function F(~ω). Still, it can be deduced that
the hetero-vdWMs with a PO configuration mainly act
as low-pass filter of the corresponding TO transmission
function.
Thermal Current
Hetero-Bilayer (m) I
(m)
F /I
(m)
PO
MoS2-WS2 0.65
MoS2-WSe2 0.83
MoSe2-WS2 0.37
MoS2-MoSe2 0.82
WS2-WSe2 0.73
MoSe2-WSe2 0.63
TABLE IV. Ratio between I
(m)
F and the corresponding ballis-
tic thermal current I
(m)
PO calculated with a quantum transport
simulation for hetero-bilayer vdWMs with a PO configura-
tion.
Besides the PO structure analyzed in this work, two
other arrangements of vdWMs can be envisioned. The
first possibility is illustrated in Fig. 9(a), where one TMD
is extended along the whole device length, while the other
covers only a part of the distance separating both elec-
trodes. Such structures are referred to as 1O (2O) chan-
nels, if the TMD extended along the whole length is
TMD1 (TMD2). In the second possibility, depicted in
Fig. 9(b), one TMD extends along the whole structure,
whereas the second one is only present in the central
region and not connected to any lead. This configura-
tion is labeled 1O1 (2O2) channels if the TMD extended
8Overlap (a)
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FIG. 9. (a) vdWM made of two TMDs, where one TMD
extends over the whole device length, while the other goes
from one reservoir to the middle of the device. Such structure
is referred to as 1O(2O) if TMD1(TMD2) is connected to both
reservoirs. (b) vdWM made of two TMDs, one covering the
entire device length and the other only existing in the central
region, without connection to the reservoirs. Such structures
are labeled 1O1(2O2) if TMD1(TMD2) is extended over the
whole length
Thermal Current [W/m]
Bilayers ITh,1O/ITh,1 ITh,2O/ITh,2
MoS2-MoS2 0.95 0.95
WS2-WS2 0.92 0.93
WSe2-WSe2 0.92 0.92
MoTe2-MoTe2 0.90 0.90
MoSe2-MoSe2 0.97 0.97
MoS2-MoSe2 0.93 0.94
MoS2-WS2 0.92 0.91
MoS2-WSe2 0.95 0.93
MoSe2-WS2 0.93 0.90
MoSe2-WSe2 0.94 0.89
WS2-WSe2 0.88 0.90
TABLE V. Ratio between the ballistic thermal current flow-
ing through the 1O (Ith,1O) structure and TMD1 (Ith,1) and
through the 2O (Ith,2O) ones and TMD2 (Ith,2)
along the whole length is TMD1 (TMD2). The ratio be-
tween the ballistic thermal current flowing through the
1O (Ith,1O) structure and TMD1 (Ith,1) and through the
2O (Ith,2O) structure and TMD2 (Ith,2) are presented in
Table V. The latter shows that 1O (2O) devices behave
as the TMD extended over the whole length. Table VI
reports the ratio between the ballistic thermal current
flowing through the 1O1 structure (Ith,1O1) and TMD1
(Ith,1) as well as through the 2O2 structure (Ith,2O2) and
TMD2 (Ith,2). In the homo-bilayer cases, both the 1O1
and 2O2 configurations allow for a similar percentage of
the thermal current to flow through them (with respect to
Ith,1 and Ith,2 ) as the comparable PO structures, about
60%. The situation is different in the hetero-bilayer de-
Thermal Current [W/m]
Bilayers ITh,1O1/ITh,1 ITh,2O2/ITh,2
MoS2-MoS2 0.57 0.57
WS2-WS2 0.58 0.58
WSe2-WSe2 0.59 0.59
MoTe2-MoTe2 0.59 0.59
MoSe2-MoSe2 0.58 0.58
MoS2-MoSe2 0.90 0.91
MoS2-WS2 0.90 0.93
MoS2-WSe2 0.92 0.88
MoSe2-WS2 0.86 0.83
MoSe2-WSe2 0.86 0.85
WS2-WSe2 0.83 0.86
TABLE VI. Ratio between the ballistic thermal current flow-
ing through the 1O1 structure (Ith,1O1) and TMD1 (Ith,1)
and through the 2O2 structure (Ith,2O2) and TMD2 (Ith,2).
vices where the thermal current is found to reach more
than 80% of the value corresponding to the TMD con-
nected to both contacts. The strength of the inter-layer
coupling explains this behavior. Because these interac-
tions are larger in homo-bilayer structures, the impact of
stacking a disconnected TMD layer on top of a connected
one is more pronounced there than in hetero-bilayers.
More phonons are indeed transferred to the top layer, if
it is the same as the bottom one. Parts of these phonons
are transmitted back to the bottom layer, the rest is re-
flected back to its origin. Note that as for the PO configu-
rations, the simulation results in Table VI do not depend
on the length of the overlap region. This clearly indi-
cates that stacking two TMD layers on top of each other,
even if they weakly interact and a direct path exists be-
tween both electrodes, can have a profound impact on
the thermal properties of such assemblies.
VI. CONCLUSIONS AND OUTLOOK
We explored the thermal transport properties of homo-
and hetero-bilayer vdWMs made of two TMDs with to-
tal and partial overlap in the middle. To do that, we
developed a suitable quantum transport approach where
the simulation domain is created from structures with a
full overlap of both TMDs and atoms are removed on
both extremities, together with the corresponding en-
tries of the dynamical matrix. We demonstrated that
in structures with full TMD overlap the inter-layer in-
teractions marginally contribute to the thermal current,
while their existence is crucial to enable the transfer of
phonons from one layer to the other in case of partial
overlap. For large overlap lengths, we showed that the
ballistic thermal current flowing through partially over-
lapping channels is insensitive to the variation of this
parameter. Partial overlap systems act as filters that re-
duce the ballistic thermal current by approximately 70%
9for homo- and 95% for hetero-bilayers with respect to
the thermal current of a channel with a full overlap of
the constituting 2-D materials. Insights into the energy
dependence of the simulated transmission functions high-
lighted the larger contribution of acoustic phonons to the
thermal current. Moreover we proved that, as first ap-
proximation, the transmission function of the partially
overlapping channel can be obtained by uniformly rescal-
ing the transmission function of the corresponding struc-
ture with full overlap, when identical TMDs are consid-
ered. With different TMDs, the high energy phonon are
filtered out, only the acoustic branches being transferred
from one layer to the other.
It should be noted that a broadening of the phonon
branches larger than the inter-band spacing induces
anharmonic phonon interactions. The latter connect
phonon modes that are independent from each other in
the ballistic limit of transport. As the phonon dispersion
of the vdWMs investigated in this work exhibit many
closely spaced phonon bands, especially at low frequen-
cies, anharmonic interactions could impact our results.
However, we believe that this effect is not strong enough
to compensate for the phonon dispersion mismatches ob-
served in hetero-bilayer vdWMs.
While the proposed approach works very well for vd-
WMs with a weak inter-layer coupling, it might break
down when the involved TMDs strongly interact with
each other. Such case would require the introduction
of a supercell, that exactly correspond to the simulation
domain. To create such structure, DFT codes relying on
localized basis set, e.g. CP2K [87], are probably better
suited than plane-waves, due to their linear-scale algo-
rithms
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Appendix A: Dynamical Matrix Construction
In this section the process of assembling the dynam-
ical matrix in Eq. (1) is presented. First, the unitary
cell of the structure of interest must be determined and
the atomic positions relaxed at high precision. By pe-
riodically replicating this cell, a larger supercell can be
built, which is necessary to compute the interatomic force
constants of the system. Since these interactions rapidly
decay with the distance between atoms, a cutoff rcut is
introduced, such that all interactions extending beyond
it are neglected. It is important to note that choosing a
(too) small rcut usually leads to inaccurate phonon dis-
persions. The determination of rcut is thus performed
analysing the variation of the phonon band structure as
a function of this parameter and by selecting the small-
est rcut value that causes an average relative error below
a predefined criterion, 10% in our case. Once an ap-
propriate rcut has been set an orthorhombic unit cell is
constructed to allow for transport calculations. Its di-
mensions are chosen so that all interactions are confined
within two neighboring cells at most. A graphical rep-
resentation of this geometrical condition is depicted in
Fig. 10, where the orthorhombic nearest neighbor cells
are marked by green boxes. The exclusion of second (and
more) nearest neighbor cells interactions is crucial to en-
able fast computation of the open boundary condition.
Along z the periodicity is modeled by a qz-dependence
of the dynamical matrix
Φ(qz) = Φ(0) + Φ(+)e
iqz∆z + Φ(−)e−iqz∆z , (A1)
where ∆z is the width of the orthorhombic cell along z,
Φ(0) contains all the interactions within the central unit
cell at z = z0, while Φ(+)(Φ(−)) describes the connections
to the periodic replica situated at z = z0 +∆z(z = z0−
∆z). Due to the choice of rcut, all matrices in Eq. (A1)
have a block-tridiagonal structure and are made of Φi,j(α)
blocks, where α = (0), (+), (−), j = i − 1, i, i + 1, and
i represents one of the Nx blocks of width ∆x along the
transport direction x:
Φ(α) =

Φ1,1(α) Φ
1,2
(α)
Φ2,1(α) Φ
2,2
(α) Φ
2,3
(α)
. . .
. . .
. . .
Φi,i−1(α) Φ
i,i
(α) Φ
i,i+1
(α)
. . .
. . .
. . .
ΦN−1,N−2(α) Φ
N−1,N−1
(α) Φ
N−1,N
(α)
ΦN−1,N(α) Φ
N,N
(α)

.
(A2)
The size of each Φi,j(α) block is 3Na
i× 3Naj , where 3Nai
is the number of atoms in the orthorhombic unit cell
located at x = xi
Appendix B: Creation of the vdWM Dynamical
Matrix
We are interested in modeling structures composed of
TMD monolayers stacked on the top pf each other with
a partial overlap region in the middle as shown in Fig. 1.
In the case of a total overlap, the Φi,j(α) in Eq. (A2) are
the same from one extremity of the vdWM to the other,
regardless of the fact that both TMDs are identical or
not. When instead, the two monolayers only partial over-
lap in the middle, three distinct regions can be identi-
fied. A Region1(2), where only TMD1(2) is present and
an Overlap Region, where the two layers are stacked on
top of each other, as illustrated in Fig. 11. There, the
10
x
z
FIG. 10. Top view of a MoS2 structure, where x denotes
the transport direction, y the direction of confinement and
z is assumed to be periodic and modeled through a set of
qz points. The dynamical matrices Φ(qz) is computed by
extracting all Φi,j(α) blocks required to construct the matrix of
Eq. (A2). The red area marks the primitive hexagonal cell,
while the green box the orthorhombic unit cells.
0
=
0
x
z
y
= Inter-layerCoupling
Inter-layer
Coupling
=
=
FIG. 11. (Top) Schematics of TMD monolayers stacked on
top of each other with a partial overlap region in the middle.
The on-site (Φi,i) and nearest-neighbor (Φi,i±1) blocks of the
dynamical matrix are indicated. (Bottom) Sparsity pattern
of the corresponding device dynamical matrix. The blocks
are colored according to their position in the device structure
from the top panel.
green cell in the Overlap Region corresponds to the one
of the total overlap case is the one that was used to com-
pute the interatomic force constants with DFT. The or-
ange(purple) cell contains only the bottom(top) TMD,
the top(bottom) layer and the corresponding entries of
the dynamical matrix having been removed. The validity
of this approach was demonstrated in Section IV, where it
was shown that the inter-layer coupling does not strongly
affect the properties of the individual layers. Concretely,
in the overlap region, each Φ
i,j(O)
(α) block is made of four
sub-blocks, the diagonal ones connecting two unit cells of
the same TMD with each other, the off-diagonal blocks
coupling the two TMDs together. To construct the dy-
namical matrix of Region1(2), the diagonal blocks of
Φ
i,j(O)
(α) are extracted and labeled Φ
i,j(1)
(α) (Φ
i,j(2)
(α) ). The
whole process is described in details in Fig. 11.
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